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Abstract We consider traveling fronts to the nonlocal bistable equation 

Ut = fl*U-U + f{u), 

where /U is a Borel-measure on M with /u(M) = 1 and / satisfies /(O) = /(I) = 
0, / < in (0,a) and / > in (a, 1) for some constant a G (0, 1). We do 
not assume that /i is absolutely continuous with respect to the Lebesgue 
measure. We show that there are a constant c and a monotone function (j) 
with (f}{—oo) = and (f}{+oo) = 1 such that u(t, x) := 0(x + ct) is a solution 
to the equation, provided f'{a) > 0. In order to prove this result, we would 
develop a recursive method for abstract monotone dynamical systems and 
apply it to the equation. 
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1 Introduction 



We would consider the following nonlocal analogue of bistable reaction- 
diffusion equations: 



Here, is a Borel-measure on R with //(M) = 1 and the convolution is defined 



for a bounded and Borel-measurable function u on R. The nonlinearity / is 
a Lipschitz continuous function on R and satisfies /(O) = f{a) — /(I) = 0, 
/ < in (0,0;) and / > in (a, 1) for some constant a G (0,1). Then, 
G{u) := fi*u — u + f{u) is a map from the Banach space L°°(R) into L^(R) 
and it is Lipschitz continuous. (We note that u{x — y) is a Borcl- measurable 
function on R^, and ||m||loo(r) = implies * u\\li(r) < Jy^s.Ux£M. ~ 
y)\dx)df^{y)—0.) So, because the standard theory of ordinary differential 
equations works, we have well-posedness of the equation (1.1) and it generates 
a flow in L°°(R). 

In this paper, we would show that there exists a traveling wave solution. 
The main result is the following: 

Theorem 1 Suppose the bistable nonlinearity f e C^(R) satisfies 



where a is the unique zero of f in (0, 1). Then, there exist a constant c and 
a monotone function (f) on M. with 0(— oo) = and (t){+oo) — 1 such that 
u{t,x) :— (f){x + ct) is a solution to (l-l). 

In this result, we do not assume that the measure // is absolutely continuous 
with respect to the Lebesgue measure. For example. Theorem 1 can be 
applied to not only the integro-differential equation 



— {t^x)= / u{t,x — y)dy — u{t,x) — Xu{t^x){u{t^x) — a){u{t^x) — 1) 



but also the discrete equation 

-^{t, x) = u{t, x — 1) — u{t, x) — Xu{t, x){u{t, x) — a){u{t, x) — 1) 



(1.1) 



Ut = IJ,*U — u + f{u). 



by 




/'(«) > 0, 
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for all positive constants A. In order to prove Theorem 1, we would develop 
a recursive method for abstract monotone dynamical systems and apply it to 
the semifiow generated by (1.1). It might be a generalization of the method 
of Remark 5.2 (4) in Chen [5]. 

For the nonlocal bistable equation (1.1), Bates, Fife, Ren and Wang [4] 
obtained existence of traveling wave solutions, when the measure /i has a 
density function J G C^(]R) with J{y) = J{—y) and other little conditions 
for /i and / hold. Chen [5] showed existence of traveling wave solutions, when 
it has a density function J G C^(M) and f'{u) < 1 and other little conditions 
hold. Recently, Coville [11] proved existence of traveling wave solutions, 
when it has a density function J G C(M) and other little conditions hold. 

Bates, Fife, Ren and Wang [4] and Chen [5] studied uniqueness and stabil- 
ity of traveling wave solutions. Coville studied uniqueness and monotonicity 
of profiles of traveling waves in [10] and uniqueness of speeds [11]. Further, 
we note that the studies of [10, 11] are not limited when the nonlinearity is 
bistable but reach ignition, while our study is limited to bistable. In fact, 
his method of [11] is rather different from ours. See [9] on traveling wave 
solutions in bistable maps, [2] time-periodic nonlocal bistable equations, [1] 
time-periodic bistable reaction-diffusion equations, e.g., [3, 6, 8, 14] discrete 
bistable equations, [7] nonlocal Burgers equations and [12, 13, 15] multistable 
reaction-diffusion equations. 

In Section 2, we give abstract conditions and state that there exists a 
traveling wave solution provided the conditions. This result might generalize 
the method of Remark 5.2 (4) in Chen [5]. In Section 3, we prove abstract 
theorems mentioned in Section 2. In Section 4, we show that the semifiow 
generated by (1.1) satisfies the conditions given in Section 2 when f'{ot) > 
and A*({0}) 7^ 1 hold to prove Theorem 1. In Section 5, we recall some known 
results from [17]. The known results are used in Section 3. 

2 Abstract theorems for monotone semiflows 

In this section, we would state some abstract results for existence of 
traveling waves in monotone semiflows. The results might generalize the 
method of Remark 5.2 (4) in Chen [5]. In the abstract, we would treat a 
bistable evolution system. Put a set of functions on M; 

Ai :— {u\u is monotone nondecreasing 



3 



and left continuous function on R with < u < 1}. 

The foUowings are our basic conditions for discrete dynamical systems: 

Hypotheses 2 Let Qq be a map from Ai into M. . 

(i) Qq is continuous in the following sense: If a sequence {MfcjfceN C Ai 
converges to u & M. uniformly on every hounded interval, then the sequence 
{Qo[wfc]}fceN converges to Qq[v\ almost everywhere. 

(ii) Qq is order preserving; i.e., 

Ui < U2 ^> Qo[ui] < Qo[u2] 

for all Ui and U2 & A4. Here, u < v means that u{x) < v{x) holds for all 

(iii) Qq is translation invariant; i.e., 

TxoQo = QoTx„ 

for all xq G M. Here, T^^ is the translation operator defined by (T^jq [«])(•) :— 

U{- - Xq). 

(iv) Qq is bistable; i.e., there exists a G (0, 1) with QoM = ol such that 

< 7 < CK =^ QoW < 7 

and 

a < 7 < 1 7 < QoH 
hold for all constant functions 7. 

Remark If Qq satisfies Hypothesis 1 (iii) , then Qq maps constant functions 
to constant functions. 

The following condition for discrete dynamical systems might be a httle gen- 
eralization of the condition in Remark 5.2 (4) of Chen [5]: 

Hypothesis 3 Let Qq he a map from M. into M.. If two constants c_ and 

c+ and two functions (p^ and 0+ G satisfy {Qq[(1)J^){x — c_) = 

cx)) = 0, 0_(+oo) = a, {QQ[(f)^]){x — c+) = (t>+{x), 00) = a and 
0+(-|-oo) — 1, then the inequality c_ < c_|_ holds. 

The following states that existence of suitable sub and super- solutions 
implies existence of traveling wave solutions with an estimate of the speeds 
in the discrete dynamical systems on M.: 
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Theorem 4 Let a map Qo : A4 ^ A4 satisfy Hypotheses 2 and 3. Suppose 
a constant c and a function i/j E Ai with "0(0) = and ijj{+oo) G (a, 1] 
satisfy ipi^x) < {Qo['^]){x — c). Suppose a constant c and a function -0 G 
with ■?/;(— oo) G [O.a) and ip{0) = 1 satisfy {Qq[iIj]){x — c) < iIj{x). Then, 
there exist c G [c, c] and (f) E A4 with 0(— cxo) = and 0(+oo) = 1 such that 
{Qo[4']){^ — c) = (f){x) holds. 

Corollary 5 Let a map Qq : Ai ^ Ai satisfy Hypotheses 2 and 3. Then, 
there exist c G M and (j) E Ai with 0(— oo) = and 0(+cxd) = 1 such that 
{Qo[(p]){x — c) = (j){x) holds. 

We add the following conditions to Hypotheses 2 for continuous dynamical 
systems on Ai: 

Hypotheses 6 Let Q :— {Q^}t£[o,+oo) be a family of maps from Ai to A4. 

(i) Q is a semigroup; i.e., Q* o = Q*'^'* for all t and s G [0, +cxo). 

(ii) Q is continuous in the following sense: Suppose a sequence {tk}km C 
[0,+cxd) converges to 0, and u G Ai. Then, the sequence {Q^'^[u]}km con- 
verges to u almost everywhere. 

Instead of Hypothesis 3, we consider the following condition for continuous 
dynamical systems. It might also be a little generalization of the condition 
in Remark 5.2 (4) of Chen [5]: 

Hypothesis 7 Let Q := {(5*}tG[o,+oo) be a family of maps from A4 to Ai. If 
two constants c_ and c+ and two functions 0_ and 4)+ E A4 with oo) = 

0, 0_(+oo) = a, cxd) = a and 0+(+cxo) = 1 satisfy — c_t) = 

(f)-{x) and {Q^[(f)+]){x — c+t) = (f)+{x) for all t E [0, +oo); then the inequality 
C- < c_|_ holds. 

Remark We could found similar hypotheses as Hypothesis 7 for existence 
of traveling waves to reaction-diffusion equations with triple stable equilibria 
in [12, 13, 15]. 

As we would have Theorem 4 for the discrete dynamical systems, we 
would have the following for the continuous dynamical systems: 

Theorem 8 Let be a map from Ai to Ai for t E [0,-|-oo). Suppose 

the map Q* satisfies Hypotheses 2 for all t E (0, +c>o), and the family Q :— 
{(5*}te[o,+oo) Hypotheses 6 and 7. Then, the following holds : 
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Suppose a constant c and a function i/j & A4 with ?/)(0) = and '0(+oo) e 
(a, 1] satisfy ip[x) < {Q^l'ipXjix — ct) for all t G [0,+cxd). Suppose a constantc 
and a function ijj G M. with ip{—oo) G [0, «) andip{0) = 1 satisfy {Q^['ip]){x — 
ct) < ip{x) for all t G [0, +oo). Then, there exist c G [c, c] and (j) E M. with 
(j){—oo) ~ and (f){+oo) = 1 such that {Q^[(l)]){x — ct) = (j){x) holds for all 
t G [0,+oo). 

3 Proof of the abstract theorems 

In this section, we prove the theorems stated in Section 2 by using known 
results recalled from [17] in Section 5. 

Proof of Theorem 4. 

[Step 0] In this step, we would give an intuitive explanation of our ideas. 
If you want to advance to exact proof at once, the step is recommended to 
be skipped. 

Because the map Qo : Al — > is translation invariant, it is difficult 

to construct traveling sub and super- solutions with the same speed directly. 
So, we introduce a sequence of perturbed maps Qn : ^ to break the 
translation invariance but to preserve the order. Then, we might construct 
sub and super-solutions i/j^ and to the perturbed problem Qn[u] = u and 
also obtain a solution (f)n (i.e., Qn[(t>n] — 4>n, 0n(— oo) = and 0„(-|-oo) = 1) 
by order preserving property. In virtue of Hypothesis 3, we expect that 
the limit of a suitable subsequence of {T^x„[<Pn]){-) '■— <Pn{- + Xn) solves the 
original problem. 

We shall explain more in detail but extremely inexactly. Let n G N. We 

put pn{x) := " (x - ^). Then, the map u i-^ Qn[u] := Qo[u o p„] 
breaks the translation invariance but preserves the order. So, we may have 
a solution 0„ to Qn[<Pn] — 4>n, <t>n{—oo) = and 0„(+oo) = 1. We take yn 
and Zn such that yn < Zn and < (pniVn) < « < (t>n{zn) < 1 hold. 

When a constant c and a sequence Xn satisfy c = ^ — ^(lim^^oo 
we see 

lim {pn{x + Xn) - Xn) ^ X - C 
n— »oo 

and, so, 

lim (r_,„ o g„ o T,J[u\ = lim T.^MiTxM) ° Pn]] 
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= lim Qo[T_,^[{T,^[u]) o p„] = Q,[ lim T_,J(r,J«]) o 

= Qo[Tc[u]] = {QooT,)[u], 

where {Tx[u]){-) := u{- — x). We might take a subsequence n(/c) such that 
there exist the hmits 0_ := hmfc^op [^n] , (p+ ■= ^i^k^ooT-z„[4>n], C- := 
£±5 - ^(hm,_^ ^) and c+ - ^ - 5=£(hm,_.^ 
Therefore, we could expect that the two equahties 

(Qo o rc_)[0-] = lim {T_y^ oQn° TyJ[(j)_] = hm {T_y^ o 
= lim T_j,„[Q„[0„]] = hm T_j/J0„] = 0_ 

fe— >c» fe— >c» 

and 

(QooT, J 

hold. In virtue of Hypothesis 3, the pair or (0+, c+) might solve the 

original problem, as we obtain c+ < c_ and < 0_(O) < o; < 0+(O) < 1. 
[Step 1] We show the inequahty: 

(3.1) c<c. 

Suppose c < c. Then, there exists TV e N such that ip{—^N) < 
a < ifj^+^^N) holds. Hence, because {Qo^['>P]){x - cN) < ij{x) and 
'ipix) < {Qo'^[iIj]){x — cN) hold by Hypotheses 2 (ii) and (iii), we have 
lQo^[i^]){-^N) < a < {Qo^[±]){-^N). It is a contradiction with Hy- 
pothesis 2 (ii). Therefore, (3.1) holds. 

[Step 2] We put a sequence {pn}neN of affine functions on R defined by 

(3.2) p4x):^'^±^(x-^^). 

We define two sequences and {Qn}ne^ of maps from Al to by 

An[u\ := wop„ 

and 

Qn Qo O An. 

Then, the map Qn satisfies Hypothesis 2 (ii) for all n eN. 
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[Step 3] We show the following: Suppose a sequence {uk}km C M. con- 
verges to u E M. almost everywhere. Then, \im.k^ao{Qn[uk\){x) — {Qn[u\){x) 
holds for all n eN and continuous points x G M of Qn[u]. 

Let n e N. Then, the sequence {v4„[Mfc]}A;eN C A4 converges to An[u] G 
A4 almost everywhere. Hence, by Proposition 13, we have limfe^oo(<5o[^n[^ifc]]) 
{x) = {Qo[An[u]]){x) for all continuous points x G M of Qof^nM]- 

[Step 4] We take two sequences {V'^jneN and {V'nIneN C Al as 

c — c 

tjx) := ij_{x- {n+ ^^)) 

and 

c — c 

ij^{x) := ipix +{n+ ^^))- 

fcu/, 1 ^ n ^^+1^/, 1 ^ rt >^+'^!7K \ ^ n ^\ 



Then, we show ±^ < Q/f^^J < Qn'^^t^] < Qn'^\^n] < QnM < i^n for 
all A; = 0, 1, 2, • • • . Because +n < x — ^ implies x — c< Pn{x) by (3.1), 

(3.3) IJx - c) < {A4lJ)(x) 

holds. Because x — ^ < —n imphes Pn{x) < x — c by (3.1), 

(3.4) (A4^„])(a;)<^Jx-c) 

holds. From (3.3), (3.4) and < ifj^, we have ifj (x) < {Qo[ip ]){x — c) < 
mtj)i^) < (Qn[?J)(x) <~{QoM)i^ - c) < ^I(x). As l~< Qj[±J < 

Qn'^'itJ < Qn'^'li^n] < Qn'm< holds, Q„[V^J < Qn''^'[±J < 

Qn'^^itJ < Qn^^^M < Qn'^'M < QnM < ^IsO holds. So, WC have 

for all ?^ G N and /c = 0, 1, 2, • • • . We put 0„ := lim^^oo Qn'^H'^ ^ M. Then, 

(3.5) ^„ < < 

holds for all n G N. By Step 3, we also have 

(3.6) Qn[0n] = <t>n 

for all n G N. 
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[Step 5] We take NqEN such that 

(3.7) < ^(-A^o) <a< ±{+No) < 1 

holds. Then, because (j)n{-{n + ^ + Nq)) < V'(--^o) and ^{+No) < 
(l>n{+{'n+ ^ + A^o)) hold from (3.5), for any n e N, there exist constants y„ 
and Zn such that 

(pniVn) < ^( + ^ < lini (j)^[y^ + h) , 

Z hl+0 

a + ^(+A^o) 

4>n{Zn) < =^ < lim 4>n{Zn + h) 

and 

(3.8) -(n+^ + 7Vo) <^„<z„<+(n+^ + 7Vo) 
hold. As we put functions 

(/)_„(•) := <^n(- + |/n) e M 



and 

we have 



(3.9) 0_,„(O) < ^"^^"^ < hm </._,„(/.) 
and 

(3.10) 0+,„(O) < ^ < lim (/>+,„(/i). 

By Helly's theorem and (3.8). there exist a subsequence {n{k)}ken C N, two 
functions 0+, two constants ^_ and ^+ such that the two equalities 

(3.11) (t>-{x) = lim (/._,„(fe)(x) e M 
and 

(t)+{x) = lim 0+„(fe)(a;) e M 

fe— >oo 



hold almost everywhere in x and the two equalities 

and 

fc^oo n{K) 

hold. From (3.9), (3.10) and (3.8), we have 

(3.13) 0_(O) < + ^ < lim/-(^), 



(3.14) 0+(O) < < lim 0+(/^) 

and 

(3.15) - 1 < -e- < e+ < +1- 

[Step 6] We show the following: The two equalities 

(3.16) {Qo[<l)_]){x - c^) = 4>4x) 
and 

(3.17) (go[0+])(^-c+) = 0+(x) 

hold, where c_ anc? c+ are the constants defined by 

c + c c — c 
'-'■^~-2 2^^- 



and 



c + c c — c 
'^'■=~-2 2^' 



Further, the inequality 

(3.18) c<c+<c_<c 



holds. 
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Prom (3.2) and (3.12), we see 

lim {pn{k)ix + yn{k)) - yn(k)) = x-c- 

fc— >oo 

for all a; e R. Hence, by Lemma 14, (3.11) and {An[(j)n]){x + yn) — (t>n{Pn{x-\- 
Vn)) = (l)-,n{pn{x + Vn) " Vn), we have 

(3.19) lim {An{k)[(t>n{k)\){x + 2/n(fc)) = 0-(a; - c_) 

fe— >oo 

for all continuous points x e R of (j)-{x — c_). Prom (3.6), 

(3.20) ^-,n{x) = (pnix + Vn) = {Qn[4>n]){x + Vn) 

= (goK[0n]])(a^ + Vn) = (<5o[(^n[<^n])(- + 2/n)])(a:) 

holds for all n e N and x e M. By Proposition 13, (3.19), (3.20) and (3.11), 
we obtain 

{Q^[4>-]){x - C-) ^ {Q,[(t>-{- - c^Mx) 

= lim ((5o[(^n(fe)[0n(fc)])(- + yn{k))]){x) 

k^oo 

= lim (p_.r,(k){x) = (p-{x). 

fc— >oo 

Almost similarly as (3.16), we also obtain (3.17). Purther, (3.18) follows from 
(3.1) and (3.15). 

[Step 7] By Proposition 13 and (3.16), we have 

go[0-(-oo)] = (go[0-(-oo)])(O) = lim m<l>-{- - ^)])(0) 

fe— >c» 

= hm {Qo[(t>.]){-k) = (go[<^-])(-oo) = 0_(-oo). 

fc-+oo 

Almost similarly, we also have Qo[(t>-{+oo)] = 0_(+oo), Qo[(t)+{—oo)] = 
0+(— oo) and go[0+(+oo)] = 0+(+cxo) by Proposition 13, (3.16) and (3.17). 
Prom (3.7), (3.13) and (3.14), we see < 0-(-oo) < a, < (p-{+oo) < 1, 
< 0+(— oo) < 1 and a < (p^{+oo) < 1. Therefore, from Hypothesis 2 (iv), 
we obtain 

(3.21) 0_(-oo)=O, 

(3.22) 0_(+oo) = a or 1, 
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(3.23) 



0+(— oo) = or q; 



and 

(3.24) 0+(+oo) = 1. 

[Step 8] We show that 0_(+cxd) 7^ a or (f)^{—oo) 7^ a holds. Suppose 
that 0_(+oo) = a and 0+(— 00) = a hold. Then, from Hypothesis 3, (3.16), 
(3.17), (3.21) and (3.24), we have c_ < c+. It is a contradiction with (3.18). 
So, we see that 0_(+cxd) ^ a or 0+(— 00) ^ a holds. Hence, from (3.22) and 
(3.23), we also see that 

(f)_{+oo) = 1 or 0_,_(— 00) = 

holds. When 0^{+oo) = 1, we obtain the conclusion of Theorem 4 with 
c := c_ and (p ■= <P- because of (3.18), (3.21) and (3.16). When 0_|_(— 00) = 0, 
we obtain it with c := c+ and := 0+ because of (3.18), (3.24) and (3.17). 

■ 

Proof of CoroUciry 5. 

We put functions and ip E A4 as 

a + 1 

tjj{x) = {x< 0), tjj{x) = — — (0 < x) 

and 

-0(a:) = - (x < -1), il){x) = \ [-\<x). 
Then, by Proposition 13 and Hypothesis 2 (iv), we have 

(go[^])(+oo) = hm (goM)(^) = lim (go[^(- + 

— fc— >oo — fc— >oo — 

= (Qo[V^(+oo)])(0) = Qo[3^(+oo)] > 3^(+oo). 

Almost similarly, we also have {Qq\}\}\){—o6) < 'ip{—oo). Hence, there exist 
constants c and c such that ■0(+oo) < {Qo['il^]){—c) and {Qo['il^]){—l — c) < 
'0(— 00) hold. So, because ijj{x) < {Qo[ip]){x — c) and {Qq[iIj])(x — c)< ■0(a;) 
also hold for all a: e M, in virtue of Theorem 4, we obtain the conclusion of 
Corollary 5. ■ 
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Proof of Theorem 8. 

[Step 1] By Lemma 17, the map Q* satisfies Hypothesis 3 for all t G 
(0, +oo). So, by Theorem 4, for any n G N, there exist c„ G [c, c] and G 
with (j)n{—oo) = and (j)n{+oo) = 1 such that (Q2^[0„])(a; — = 0^(3:^) 
holds. Then, for any n G N, there exist constants y„ and 2;„ such that 

Oi 

(t>n{yn) < 77 < 1™ 0n(2/n + h) 

and 

a + 1 

Z /iJ.+0 

hold. As we put functions 



-,n(-) := 0n(- + 2/n) e 



and 

we have 
(3.25) 



(Q^[(/._,„])(x--;i) = <^_,„(x), 



(3.26) 0_,„(O) < - < hin 0_,„(/i) 
and 

a + 1 

(3.27) 0+,„(O) < ^ < lim <^+,n(/i). 

By Helly's theorem, there exist a subsequence {n(A;)}A;eN C N, two functions 
0_, ^+ and a constant c such that the two equalities 

(3.28) 0_(a;) = lim (/._,„(fe)(x) G M 
and 

0+(x) = lim 0+ „(fc)(a;) G A< 
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hold almost everywhere in x and the equality 

(3.29) c= lim Cn(k) e [c,c] 

fe— >oo 

holds. Prom (3.26) and (3.27), we have 

(3.30) 0_(O) < - < lim 0_(/.) 

and 

(3.31) 0+(O)<^< liin0+(/i). 

[Step 2] We show the following: The two equalities 

(3.32) (Q*[0_])(a;-ct) = 0_(a;) 
anc? 

(3.33) (Q*[0+])(a;-ct) = 0+(x) 

/ioW /or a// 1 G [0, +oo) . 

Let no e N and mo £ N. As A; e N is sufficiently large, 

(Q^[0_,„(fc)])(a;-Cn(fc)^) 
= ((Q^)-2"('=)-"0[^_^^^^^])(^ _ ||^„2"«--) = 0_,„(,)(a;) 

holds because of n{k) > uq and (3.25). Hence, by (3.28), (3.29), Lemma 14 
and Proposition 13, we obtain 

(3.34) {Q^[4>^]){x-c^)^4>4x) 

for all no e N and mo G N. 

Let t e [0,+cxd). Then, by (3.34), there exists a sequence {tfcjfeeN C 
[0,+oo) with limfc^oo^fc = such that ((5*+*'=[0_])(x-c(t+tjk)) = 0_(a;) holds 
for all A; G N. So, by (Q*4(Q*[(/)_])(- -ct)])(.i:-ctfc) = {Qt+tk[^_]){x-c{t+tk)) 
and Lemma 15, we obtain {Q^[(l)-]){x — ct) = (p_{x). 

Almost similarly as (3.32), we also obtain (3.33). 
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[Step 3] By Proposition 13 and (3.32), we have 



g*[0_(-oo)] = (g*[0_(-oo)])(o) = lim (g*[0_(- - k)]m 



= lim {Q'[cf>.]){-k) = (Q*[(/)_])(-oo) = (/>_(-oo). 

A;— >oo 

Almost similarly, we also have g*[0_(+oo)] = 0_(+oo), g*[0+(— oo)] = 
cxd) and (5*[0+(+cxd)] = 0+(+cxd) by Proposition 13, (3.32) and (3.33). 
Prom (3.30) and (3.31), we see < 0_(-oo) < a, < 0_(+oo) < 1, 
< 0+(— oo) < 1 and a < 0+(+oo) < 1. Therefore, from Hypothesis 2 (iv), 
we obtain 

(3.35) 0_(-oo)=O, 

(3.36) 0_(+oo) = q; or 1, 

(3.37) </)+(— oo) = or q; 
and 

(3.38) (/>+(+oo) = 1. 

[Step 4] We show that (/)_(+oo) 7^ a or 0_|_(— 00) 7^ a holds. Suppose 
that 0_(+oo) = q; and 0+(— cxd) = a hold. Then, from Hypothesis 3, (3.32), 
(3.33), (3.35) and (3.38), we have the contradiction c < c. So, we see that 
0_(+oo) 7^ a or 0+(— 00) 7^ a holds. Hence, from (3.36) and (3.37), we also 
see that 

0_(+oo) = 1 or 0+(— 00) = 

holds. When 0_(+oo) = 1, we obtain the conclusion of Theorem 8 with 
0_. When 0_|_(— 00) = 0, we obtain it with 0+. ■ 

4 Proof of Theorem 1 

We recall that is a Borel-measure on R with //(M) = 1, / is a Lipschitz 
continuous function on R and satisfies /(O) = f{a) — /(I) = 0, / < in 
(0, a) and / > in (a, 1) for some constant a e (0, 1) and the set M. has 
been defined at the beginning of Section 2. Then, in virtue of Lemma 7 of 
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[18], Lemma 8 of [18] and Proposition 10 of [18], Q* {t e (0,+(X))) satisfies 
Hypotheses 2 and Q Hypotheses 6 for the semiflow Q = {Q^}te[o,+oo) on M. 
generated by (1.1). So, if we would confirm that this semifiow on M. satisfies 
Hypothesis 7, then we could make Theorem 8 of Section 2 work. In this 
section, we confirm it when f'{a) > and A*({0}) ^ 1 hold and construct 
sub and super-solutions to prove Theorem 1. 
First, we consider the linear equation 

(4.1) vt = ft* V. 

It generates a fiow on the Banach space BC{M.) when /i(M) < +oo. Here, 
BC(M.) denote the set of bounded and continuous functions on M. We have 
the following for this fiow on BC{M.): 

Proposition 9 Let fi be a Borel-measure on R with /i(M) < +cxo. Let 
P : BC{M) SC(]R) he the time 1 map of the flow on BC{M) generated 
by the linear equation (4-1) ■ Then, there exists a Borel-measure v onM. with 
i>(]R) < +00 such that 

P{v\ — u * V 
holds for all v e SC(M). Further, the equality 

(4.2) log [ e^^duiy) = I e^^dfiiy) 
holds for all A e IR. 

Proof. Prom Lemma 16 of [18], there exists a Borel-measure i> on R with 
i>(]R) < -l-oo such that 

(4.3) P[v] = u*v 

holds for all v G BC{M.). Further, from Lemma 16 of [18], if is a nonnega- 
tive, bounded and continuous function on M, then the inequality 

fi, * V < u * V 

holds. So, because 

/ e^''^dfi{y)— lim / min{e'*'^, ri}(i/i(y) = lim (/t * min{e~'^^, n})(0) 

Jym Jye^ 
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< lim (i> * min{e ^^,n}){0)= lim / min{e^^, n}(iz>(y) = / e^'"di>{y) 



holds, jy^^e'^ydjl{y) = +00 implies f^^^^e'^^dP^y) = +00. Therefore, it 



IS 



< +00. 

'yeR 



sufficient if we show that the equality (4.2) holds when 
(4.4) / e^ydjliy) 

Let A e R. Suppose (4.4). 

Let Xx denote the set of continuous functions w on R with sup^-gj^ i+i^>^x 

+00. Then, Xx is a Banach space with the norm ||it||xx '■— ^^Pxm i+^L ■ 
Let u e Xx- Then, for any x and y e R, we have 

sup \u{{x + h) — y) — u{x — y)\ 
he[-i,+i] 

< \\u\\x, sup ((1 + e-^«^+'^)-f)) + (1 + e-^(^-^))) 
he[-i,+i] 

< \\u\\x^{ sup ((1 + e-^(^+'^)) + (1 + e-^^)))(l + e^^). 

hehi,+i] 

Hence, from (4.4), the function /t * it is continuous. Because 

\(u * u)(x)\ f \u(x — y)\ , , 

sup < sup / — 1 + e^y)dfi(y) 



<f/ (1 + e^^)ciA(y)) Nk 

\JyeM. J 



'yeR 

also holds, the map m 1— > /t * u is a bounded and linear operator in the 
Banach space Xx. Let Px : Xx ^ Xx be the time 1 map of the flow on Xx 

generated by the linear equation (4.1). 

Suppose A > 0. Let A e (0, A). Then, we see 

(4.5) lim II min{e~'*'^, n} — e~'^^||x^ 

n^oo 

< lim sup 33— 

"^°°a;e(-cx),-ilogn) 1 + e 

< lim sup e^^-^)"^ = 0. 

xe{~oo,~j logn) 
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The function v{t,x) := e^^e*^^"'^'^^^^)*"^'' is a solution to (4.1) in the phase 
space Xx- Hence, by (4.3) and (4.5), 

/ e^^di){y)= hm / min{e'^^, n}(ii>(|/) 
= hm(j>*min{e-^^,n})(0) = hm (P[min{e-^^, n}])(0) 

n— >oo n— ♦oo 

= hm (A[^lin{e-^^r^}])(0) = (A[e"^1)(0) = e-^^»e^^<^A(y) 

n— ►oo 

holds for all A e (0, A). So, we have 

/" e'^Uviy) = lim /" e^^rfi>(y) = lim e^^eK«'''<^A(j/) ^ g/,eMe^^<^A(2/)_ 

Jj/eR ^TAjygiR ATA 

When A < 0, we could also prove it almost similarly as A > 0. 
Because e'^-^fe* is a solution to (4.1), from (4.3), we see 

f ldu{y) = (z>* 1)(0) = (P[1])(0) = e^y^^^'^'^^yl 

So, the equality (4.2) also holds when A = 0. ■ 

In [18], the author has recalled a method to estimate the spreading speeds 
in monostable systems by Weinberger [16]. Combining Proposition 9 with 
the method, we have the following: 

Lemma 10 Suppose a constant a satisfies < a < f'{a). Then, the 
following two hold : 

(i) Let c_ e M. Let (/>_ be a monotone function on M with (/>_(— cxd) = 
and 0_(+oo) = a. Suppose u^{t,x) :— (j)-{x + c^t) is a solution to (l-l). 
Then, 



inf < -c_ 

A_>0 A_ 

holds. 

(ii) Let c+ G M. Let 0+ be a monotone function on M with 0+(— cxd) = a 
and 0+(+oo) = 1. Suppose u+{t,x) := (t>+{x + c+t) is a solution to (LI). 
Then, 



inf < c+ 

A+>0 A+ 



holds. 
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Proof. [Step 1] In this step, we show (i). 

We put a Borcl-mcasure fl := fi and a Lipschitz continuous function 
f{u) -^f{-a{u - 1)). Then, we see /(O) = /(I) = 0, / > in (0, 1) and 

(4.6) 0<a< f\a) = /'(O). 

Further, we put a monotone function ^(2;) := —^(f)-{z) + 1 with (j){—oo) = 1 
and 0(+oo) = 0. Then, the function u{t,x) := (p{x + c_t) is a solution to 

(4.7) Ut — fi*u — u + f{u) . 

Let P : BC{R) BC{R) be the time 1 map of the flow on BC{R) 
generated by the hnear equation (4.1). Then, by Proposition 9, there exists 
a Borel-measure z> on M with j>(]R) < +00 such that 

(4.8) P[v] ^u*v 
holds for all v e BC{R). Further, the equahty 

(4.9) log [ e^^duiy) = I e^^djliy) 

holds for all A G R. Let P : BC{R) BC(R) be the time 1 map of the 
flow on BC{R) generated by the linear equation 

Vt — fi*v — v + av. 

Then, from (4.8) and (4.9), as z> is the Borel-measure on M defined by 



(4.10) p[v]^i>*v 
holds for all v e BC{R) and 

(4.11) log/ e^^duiy)^ [ e^^ dfi{y) - 1 + a 

holds for all A G M. Because z>(M) = {D * 1)(0) = (P[1])(0) = e" holds from 
(4.10) and fl{R) = 1, we also have 

(4.12) 1 < u{R) < +00. 
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Let Qo : B ^ B he the time 1 map of the semiflow on B generated by 
the equation (4.7), where B is the set defined by 

B :— {u\u is a continuous function on R with < u < 1}. 

Then, from Lemma 17 of [18], (4.6) and (4.10), there exists a positive constant 
e such that the inequahty 

v *u = P[u] < QoM 

holds for all w G i3 with u < e. Therefore, by Proposition 15 of [18] and 
(4.12), we obtain the inequality 



inf i log / e^ydv{y) < -c_. 



So, from (4.11), we obtain 

(4.13) ^^Ue-'dAM-l + .^_^_ 

A>0 A 

[Step 2] We show (ii). Let jl be the Borel-measure on R such that 

(4.14) ^((_oo,y)) = /x((-y,+oo)) 

holds for all ?/ G M. We put a Lipschitz continuous function f{u) := jz^f{{^ — 
a)u + a) and a monotone function (f){z) := j^{(l)+{—z) — a) with 0(— oo) — 1 
and 0(+oo) = 0. Then, the function u{t, x) :— (j){x — c+t) is a solution to 

Ut — fi*u — u-\- f{u). 

So, almost similarly as (4.13), we also obtain 

mf — ;^ < c+. 

A>0 A 

Hence, the conclusion of (ii) follows from (4.14). ■ 
Lemma 11 Suppose fi{{0}) 7^ 1. Then, 

(4.15) < inf )^ ^ W 

A_>0 A_ A+>0 A+ 

holds for all a G (0, +00). 
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Proof. Because mix_>o Jy^^e^-ydijL{y) ^ +00 implies lim;^_|+o /j^gK e^"^ 
d[x{y) = 1, we see lim;s^_|+o ^^^^^^ — ^ i)dix{y)+a ^ _|_qq_ Similarly, we also 

see limA+i+o — = +00. So, mfA_>o — — t -00 

and infA+>o i^^^^ i)d/^{y)+o- _^ hold. Hence, it is sufficient if we show 

that the inequality (4.15) holds when 

a">o A_ 



(4.16) inf '- 7^ +00 



and 

r^„(e-^+2' - l)du(y) + (T 

(4.17) inf ^ 

A+>0 A+ 

hold. Suppose (4.16) and (4.17) hold. Then, we have 

(4.18) / \vW{y) < +00. 

Because of //({O}) 7^ fJ'(^), we see that //((— oo,0)) 7^ or /x((0, +00)) 7^ 
holds. 

Suppose //((-oo,0)) ^ 0. Then, lim^^_^+^ ^m^^^I^^^-}}^!^^ = +00 
holds. Hence, there exists N e N such that inf;,^>o SyeR(^~^+'^-^)My)+'^ ^ 
infA+e(o,iv] ^yeR(''~'+''^-^')'^^'(y^+'' holds. So, from (4.18), we have 

A->0 A_ A+>0 A+ 

> inf ( [ ydii{y) + ^) + ^ mf (- / yd^l{y) + ^) = 

When /i((0, +00)) ^ 0, we also have the inequality (4.15) almost similarly 
as //((-oo,0)) 7^ 0. ■ 

The following gives sub and super-solutions: 

Lemma 12 Let a Lipschitz continuous function f onM satisfy 

(4.19) />0 («<0), / = / (0<«<1), /<0 (Ku). 
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Let a function p G C^(R) satisfy p — in (— oo,0], p = 1 in [l,+oo) and 
p' > in (0,1). Suppose a positive constant e is sufficiently small. Then, 
the function u{t,x) := p{ex — |) — is a sub-solution to the equation 

(4.20) Ut — p,*u — u + f{u) 

and the function u{t, x) :— p{ex + | + 1) + ^ is a super-solution to (4-20). 
Proof. We put a positive constant 5 as 

^ := min < min fiu), min i—fiu)) 

[«e[-V.-^lu[i-i^,i-V] «e[f,f]u[i+f,i+f]' 

We also put a positive constant C as 

C := min |p'(^) | min{^y^, ^} < p{z) < 1 - min{i^, |}| . 
Then, we see 

-p'{z) + f(p{z)-^) >min|-C+ min fin).j\^5 



e 

for all 2; G M. Wc also see 



ip'(^) - / {M + 1) > min {i<7 + ^^mm .^(-/(.)). s] = S 

for all zeR. There exists N eN such that /x(R\ (-iV, +iV)) < S holds. So, 
/ p{e{x -y) + s)dp,{y) - p{ex + s) 

JyeM. 

< / \p{e{x -y) + s)- p{ex + s) |dyu(y) 

JyeR 

< f \p{e{x-y) + s)-p{ex + s)\dfx{y) + f,{R\{-N,+N)) 

Jy€{-N,+N) 

< sup \p{z + h)-p{z)\+n{R\{-N,+N))<5 

he{-£N,+eN),z£R 

holds for all s and x G M. Therefore, we have 

— (yU * M — k) < < —Uf + /(li) 

and 

/U*tl — M<(5<Itt — f{u) 

for all i and x G R. 
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Proof of Theorem 1. 

When /i({0}) = 1. the conchision of Theorem 1 is trivial. Suppose 
/x({0}) 7^ 1. Then, in virtue of Lemmas 10, 11 and f'{a) > 0, the semifiow 
{Q*}tG[o,+oo) on M. generated by (1.1) satisfies Hypothesis 7. So, Theorem 8 
can work. 

We take a Lipschitz continuous function / on E with (4.19). Then, by 
Lemma 12, there exist two constants c, c, two bounded, continuous and 

monotone functions and -0 on M with ■^(O) e (— oo,0), '0(+oo) e (ct, 1), 
■0(— oo) e (0,0;) and ■0(0) £ (l,+oo) such that u{t,x) :— ijj{x + ct) is a 
sub-solution to (4.20) and u{t,x) :— ip{x + ct) is a super-solution to (4.20). 

We put := max{V^, 0} e M and V' := min{^, 1} e M. Then, V^(0) = 0, 
ijji+oo) e (a, 1), ^(-oo) e (0,a) and tpiO) = 1 hold. Further, (Q*[V^])(a;) 
and {Q^[ip])(x) are solutions to not only (1.1) but also (4.20) in t e [0,-|-oo). 
Hence, because ip < ip and <ij hold, we have 

;0(a; + ct) = max{;0(a; + ct), 0} < {Q^[ij]){x) 

and 

(Q*[^])(a;) < min{^(a; + ct), 1} = ip{x + ct) 

for alH G [0, -|-cxd). Therefore, by Theorem 8, there exist c G [c, c] and (p ^ Ai 
with 0(— cxd) = and (j){+oo) = 1 such that {Q^[(j)]){x — ct) = (f){x) holds for 
all t G [0, -|-oo). So, u{t, x) := 4>{x + ct) is a solution to (1.1). ■ 

5 Appendix 

In this section, we recall some known results from [17]. We use them in 
Section 3 to prove the abstract theorems stated in Section 2. 
The following is the same as Proposition 10 of [17]: 

Proposition 13 Let a map Qo : M. ^ M. satisfy Hypotheses 2 (i), (ii) 
and (iii). Suppose a sequence {uk}kef>i C M converges to u E M. almost 
everywhere. Then, \\m.k^oo{Qo[uk\){x) — {Qq[u\){x) holds for all continuous 
points X eM. of Qo[u]. 

The following is the same as Lemma 11 of [17]: 
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Lemma 14 Let a sequence {uk}k€N of monotone nondecreasing functions 
on M converge to a monotone nondecreasing function u on M almost every- 
where. Then, \mik~^ao Uk{xk) = u{x) holds for all continuous points x ^M. of 
u and sequences {xk}km C M with limk-^ooXk = x. 

The following is the same as Lemma 12 of [17]: 

Lemma 15 Let Q — {(5*}tG[o,+oo) be a family of maps from M. to A4. 
Suppose Q satisfies Hypothesis 6 (ii). Then, limt^Q{Q^[u]){x — at) — u{x) 
holds for all u ^ M., c e R and continuous points a; e M of u. 

The following is the same as Theorem 6 of [17] (Theorem 5 of [18]): 

Lemma 16 Let Q* he a map from M. to M. for t e [0, +oo). Suppose the 
map satisfies Hypotheses 2 (i), (ii) and (iii) for all t G (0, +oo), and the 
family Q :— {(5*}te[o,+oo) Hypotheses 6. Suppose the map is monostable 
for all t e (0, +oo); i.e., 

< 7 < 1 ^ 7 < Q*[7] 

for all t G (0, +oo) and constant functions 7. Then, the following holds : 

Let c G M. Suppose there exist r G (0, +00) and (j) E M. with {Q'^[(j)\){x — 
ct) < (j){x), (p ^ and 0^1. Then, there exists (p E A4 with (p{—oo) = 
and (p{-\-oo) — 1 such that {Q^[ip]){x — ct) = (p{x) holds for all t G [0, +00). 

The following follows from Lemma 16: 

Lemma 17 Let Q* he a map from M. to M. for t G [0,+oo). Suppose 
the map satisfies Hypotheses 2 for all t G (0, +00), and the family Q 
{(5*}te[o,+oo) Hypotheses 6. Then, the following two hold : 

(i) Let T G (0, +00) and c_ G M. Suppose there exists 0_ G with 
{Q'^[(f)-]){x — c_r) = (t)-{x), 0_(— 00) = and 0_(+oo) = a. Then, there 
exists (fi- E M. with (/?_(— 00) = and (^_(+oo) = a such that (Q* [(/?_]) (a; — 
C-t) = f-{x) holds for all t G [0, +00). 

(ii) Let T G (0, +00) and c+ G M. Suppose there exists 0+ G with 
{Q'^[(j)j^]){x — c+r) = 4'+{x), (/)+(— cxd) = a and (/)+(+cxd) = 1. Then, there 
exists (p+ E A4 with (/?+(— 00) = a and (^+(+00) = 1 such that {Q^[(p^]){x — 
c^t) = ip+{x) holds for all t E [0, +00). 
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Proof. We show (i). Put a set as 

:= {u\u is a. monotone nondecreasing 

and left continuous function on M with < u < a}. 
Put two maps : M ^ M- and 5'_ : M- ^ as 

(RJu\)(x) := a(l - hm u(-x + h)) 

hl+O 

and 

{S4u.]){x) -l(lim + h)) + 1. 

a H+o 

So, the maps i?_ and are inverse in each other. In virtue of Hypotheses 
2 (ii) and (iv) , we can define a map Qt. : — > At by 

Qt o Q* o R_ 

for t G [0,+cxd). Then, := {Q^^}telo,+(x>) satisfies the assumption of 
Lemma 16. Hence, Lemma 16 works for the semifiow Q-. Let 0_ := G 
M. Then, - c_t) = 0-(-oo) = and (^_(+oo) = 1 hold. 

Therefore, by Lemma 16, there exists G with (p_[—oo) = and 
<^_(+oo) = 1 such that {Q^_[ip^]){x — c_t) = (p-{x) holds for all t G [0,+oo). 
So, as we put (/?_ := _R_[(^_] G A^_, we obtain the conclusion of (i). 
We show (ii). Put a set as 

M.^ :— {u\u is a, monotone nondecreasing 

and left continuous function on R with a <u <1}. 
Put two maps i?+ : Al ^ M+ and 5"+ : M+ ^ At as 

(i?+[w])(a;) := (1 — a)u{x) + a 

and ^ 

:= {u+{x) - a). 

1 — a 

Then, almost similarly as (i), we can obtain the conclusion of (ii). ■ 
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